KFT SoLutions 03

1. INHOMOGENEOUS MAXWELL-EQUATIONS AND POTENTIALS

(a) Under the gauge transformation Ag — Ag + 03V, F,g transforms as
8aAlg — 8514@ — 6aA5 + &ﬁg\lf — 85Aa — 858a\11 = (%Ag — agAa

and therefore F, 3 is gauge-invariant.

-,

(b) With A, = (—¢/c, A) one has
Fo, = —Fyo = 00 Ak — O Ao = ¢ (1 Ak + Ok9) = —Ej/c
Fi, = 0;Ap — O, Ai = €ieBy  (Fio = Bg  etc.)
and therefore, with F*# = naanB‘;ng,

FOk:—FkOZfFOk:Ek/C s Fik:Fik:€ik€Bé :

=

(¢) Thus, with J% = (pc, J) one has
OaF™ = OpF*0 = —c"'V.E = —p/(eoc) = —pocp = —poJ°

and

OaF™ = 0o F" + 0o F?' + 03F* = ¢ 20, Ey — 92B3 + 93B5

—

|
= —(V x B — gﬁtE)l = —,U()Jl = —,qul

(and likewise for the 2- and 3-components).

(d) One has
O PP = 0,0AP — 0,0° A* = DAP — 9°0, A = —ppJ”

and therefore OAg — 030, A% = —pgJ3.
(e) One has

D(Ag + 85\1/) — 858,1(14& + 80‘\11) = DAﬁ =+ QgD\I/ — 85(%14“ — 85D\I/

Since the OW-term cancels, the expression is gauge invariant.

(1)

(7)

(f) From 0, F*# = —pyJ? one deduces —uoc‘)ﬂJﬁ = 858QF°“B = 0 because F*P =

— FP% i anti-symmetric while 0003 = 00, is symmetric.



2. THE HOMOGENENEOUS MAXWELL-EQUATIONS

(a) One has 0nFgy = 0n08A, — 0,0,As etc. Using the fact that 2nd partial
derivatives commute one deduces
8QF5,Y + a—yFag + agF,ya

8
= 0a03Ay — 0,00 Ag + 0500 As — 030y Ay + D30 A — DAy = 0 ®

(b) BaFlgy + OpFyo + OyFap =0

i. Two indices equal (o = f3, say): OnFay +0aFya+0yFaa = 0 is identically
satisfied because Fnq = 0, Foy + Fyq = 0.
ii. All 3 indices spatial, (o, 8,7) = (1,2, 3):

O1Fo3 + 09 F31 + O3Fy1 = 01B1 + 9By + 03B3 = ﬁg =0 (9)

(10)
(and likewise for the other components).
3. THE DUAL FIELD STRENGTH TENSOR
The dual field strength tensor is defined by
FoB = 1ePrp 5 (11)

With Fy; = —¢ ' E;, Fij = €k By, and Fob — %e"‘ﬁ'y‘st one gets for the non-zero

components of F*P

FOi = %EOW(SFV(; = %GOiijjk = %EOijkéjlel = —Bi (12)

Fi = %e’m‘stg = I = —c LR E, = LR R, (13)

The equation dyF* = 0 can then be written as

8)\[71/\0 _ _aZFOz:ﬁB’ (14)
WFN = 9F% + 0,F7 = —c'9,B; — ¢ '€;1,0,Ex
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which proves the assertion.

4. LORENTZ INVARIANTS



I, = }FoF® =% (FuF" + FyoF" + FF7)
= L(—(Fn)?+ (Fy)?) =1 (332 _ 07252> (16)
I = 3P =} (R 4 FoF™ + Fy V)

where one has used eijleijk = 252. If E = 0 in one inertial system, then I, > 0
and I, = 0 in all inertial systems, and thus E.B = 0 and |E| < |B| in all
inertial systems.
(b)
8I) = PV, 3 F 5 = 2% (9, Ag) F5 = 20, (EQW‘;ABFM;) (18)
because eaﬂvéaaFw = 0 (Bianchi identity). Thus I3 is a total derivative,
Iy = 0,C% C¢ is not gauge invariant but changes by a total derivative

under a gauge transformation,
Eaﬁ'yaAgFm; — eaﬁ’waﬁl[}nyg = 85(6045761%{775) (19)

5. LORENTZ TRANSFORMATION OF B:

Using Fag = AJ AB‘SF,Y(; one wants to compute the transformation of Fij which
contains the magnetic field components. To do this we need A’ which is obtained

from Laﬁ by inverse transposition, which gives

cosha sinha 0 0
(Aaﬁ) _ sméloz cozhoz (1) 8 (20)
0 0 0 1
With it one computes :
Fij = AAJFs = AN Fo+ AFA Fro + AFAFy
= (MM} = AIAL) Fo+ AFAFi (21)
such that
Fip = sinhaFp + coshaFys = —¢ 'yBEy + vBj3 (22)
Fp3 = Fy (23)
F31 = —sinhaFys + coshaFs = ¢ 'vB3Es + vBy (24)
from which one can read off the transformation of the magnetic field :
B = B
By = yBy+c 'BvEs
By = 7Bs—c 'BvE, (25)



