SOLUTIONS TO ASSIGNMENTS 08

1. EXPLICIT EXPRESSION FOR THE RIEMANN CURVATURE TENSOR
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where in the third equality we dropped all the (u,v)-symmetric terms killed by

the subtraction with the indices exchanged.
2. PROPERTIES OF THE RIEMANN CURVATURE TENSOR

(a) We show that the fourth symmetry follows from (I),(II) and (III):

Ropys = —(Raspy + Rayss) = Ryasp + Rsapy
= —(Byspa + Rygas) — (Rspya + Rovap)
= 2R\503 + Rgyas + Rosya
= 2Ry50p = Rpasy = 285508 — Rapys
= Ragys = Rysap (2)

(b) From (a) we directly deduce the symmetry of the Ricci tensor :

RW = RPWV = RPVP# = prpy = Rvu (3)

(c) Writing O for the cyclic permutations in («, 3,7) and then using the third
symmetry : Rpaﬂwt O = 0, we have :

Vo, [Va, VA IV A+ O = Va(RY5, V) = R, VoV + R, V, V4 O
= Va(RY5,)VP + R, V V4O
= Va(RY5,) VP4 O
= ¢ [VaRupy+ O] V" =0 (4)

which gives the desired result.

(d) Contracting the Bianchi identity over the indices (u, 5) and (v, ) one finds :
guaguﬁ [VozRAWﬁ'ﬂ‘ O = gyaguﬁ [VaR;wﬁ“/ + VRuwya + VvRuva,B]
— af Q af
= VaRY, + V3R, +V,RY
= —VoR* — VgR’ +V,R
=—Vq[2RY, —6%R] =0 (5)

1

(pev)



And defining the Finstein tensor as Gog = Rag — %gaﬁR, we see that the
contracted Bianchi identity (4) is equivalent to V¢G,3 = 0 because :

(0% « 1 e (0%

so that VG, = 0 & V, [2R°‘7 — 5%R] = 0 where we have use the fact
that g%; = go‘)‘gw = 0“4 simply because g™ is the inverse of gu.

3. THE GEODESIC DEVIATION EQUATION (SECTION 8.3)

(a) This is obvious (I hope) since from expansion of the deplaced equation to

first order one gets

I (2 +02) L (2" + 62") L (a* + 62?)
= 8,)1“*;)\(33)5:6”6!‘1 x”ddT:U)‘ + 2" (z )ddT:n” d 52X (7)

(the symmetry of the Christoffel symbols accounting for the factor of 2).

(b) Starting from
d d v
— dat = — F A
DT(S:C I ozt + . ox (8)

one can calculate the 2nd derivative D?6x# /D72,

D? d
Syt = [0 4 T i 0] + T i |02” + 1% i 6a |
— 0iF 4 (OATW, )i 2P + TW, i76af + 2% ivoir (%)

+ T g1 ita" 6P

Subtracting from this the term R" | pdc” #*d2P and using the geodesic equation

to eliminate ¥, one finds the equation

%51‘“+2T’:)\( x) Lav Lar + 9,1 | (2)dar Lav Lar =0 (10)



