
Solutions to Assignments 07

1. On the Maxwell Equations in Curved Space-Time

The action is

S[Aα, gαβ ] =
∫
√
gd4x L = −1

4

∫
√
gd4xFαβF

αβ (1)

and the gauge-invariant and generally covariant energy momentum tensor is

Tαβ = FαγF
γ

β −
1
4gαβFγδF

γδ (2)

(a) The variation of the action with respect to the gauge field is

δS = −
∫
√
gd4x (∂µδAν)Fµν

= −
∫
d4x ∂µ(

√
gδAνF

µν) +
∫
d4x ∂µ(

√
gFµν)δAν (3)

where in the first line we have used the fact that there are 4 identical con-
tributions to the variation. Then we note that the first term in the second
line is a boundary term and vanishes because the variation vanishes on the
boundary. Now using

√
g∇µF

µν = ∂µ(
√
gFµν) we are left with

δS =
∫
√
gd4x (∇µF

µν)δAν (4)

which gives the equations of motion.

(b) We compute :

∇µT
µν = ∇µ(Fµ

λF
νλ − 1

4g
µνFλρF

λρ)

= (∇µF
µ
λ)F νλ + Fµ

λ∇µF
νλ − 1

2Fλρ∇νF λρ

= −JλF
νλ + Fµλ

(
∇µF νλ − 1

2∇
νFµλ

)
= JλF

λν + 1
2Fµλ

(
∇µF νλ −∇µF λν −∇νFµλ

)
(5)

Then we rewrite the term 1
2Fµλ∇µF νλ in a different way by relabeling the

indices and using the anti-symmetry of Fµν :

1
2Fµλ∇µF νλ = 1

2Fλµ∇λF νµ = −1
2Fµλ∇λF νµ (6)

so that we can now use ∇[λFµν] = 0 to have at the end :

∇µT
µν = JλF

λν − 1
2Fµλ

(
∇λF νµ +∇µF λν +∇νFµλ

)
= JλF

λν (7)
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(c) For the metric variation of the action, we can also use the general formula

δS =
∫
d4x (δ(

√
g)L+

√
gδL) = −1

2

∫
d4x
√
g (gµνLδg

µν − 2δL) (8)

(valid for any Lagrangian L). For the variation of the Lagrangian with respect
to the metric, we note that

δ(gµλgνρFµνFλρ) = 2(δgµλ)gνρFµνFλρ = 2(δgµν)gλρFµλFνρ = 2(δgµν)FµλF
λ

ν

(9)
and therefore −2δL = (δgµν)FµλF

λ
ν . Putting the pieces together one gets

(2).

2. Kruskal Coordinates for the Schwarzschild Space-Time: Solution I

(direct calculation using the coordinate transformation)

To compute the Schwarzschild metric in the new (X,T )-coordinate, it’s useful to
consider the two expression t(X,T ) and r∗(X,T ). To find these we first rewrite
(X,T ) as :

X = er
∗/4m cosh(t/4m)

T = er
∗/4m sinh(t/4m) . (10)

This leads in particular to :

X2 − T 2 = er
∗/2m = er/2m

( r

2m
− 1

)
= rF (r)

er/2m

2m
(11)

which is a way to express r implicitly (we have defined F := ∂r
∂r∗ = 1 − 2m

r for
later use). Now, from (6) it also follows that :

t = 4m atanh (T/X)

r∗ = 2m log
(
X2 − T 2

)
. (12)

and this allows us to compute the partial derivative we will need :

∂t

∂T
=

4mX
X2 − T 2

∂r

∂T
=

∂r

∂r∗
∂r∗
∂T

= F
4mT

T 2 −X2

∂t

∂X
=

4mT
T 2 −X2

∂r

∂X
=

∂r

∂r∗
∂r∗
∂X

= F
4mX

X2 − T 2

(13)

Then it is straightforward to compute the Schwarzschild metric starting from the
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old (t, r)-coordinate and we get :

ds2 = −Fdt2 + F−1dr2 + r2dΩ2

= −F
(
∂t

∂T
dT +

∂t

∂X
dX

)2

+ F−1

(
∂r

∂T
dT +

∂r

∂X
dX

)2

+ r2dΩ2

=
16m2F

(X2 − T 2)2
[
− (XdT − TdX)2 + (−TdT +XdX)2

]
+ r2dΩ2

=
16m2F

(X2 − T 2)
[
−dT 2 + dX2

]
+ r2dΩ2

=
32m3

r
e−r/2m

[
−dT 2 + dX2

]
+ r2dΩ2 (14)

where in the last step we have used (8).

2. Kruskal Coordinates for the Schwarzschild Space-Time: Solution II

(massaging the metric into a convenient form)

Write the Schwarzschild metric as

ds2 = (1− 2m/r)[−dt2 + dr∗2] + r2dΩ2 = (1− 2m/r)[−du dv] + r(u, v)2dΩ2 (15)

where r∗ = r + 2m log(r/2m − 1) is the tortoise coordinate, and v = t + r∗,
u = t− r∗ are the “advanced” and “retarded” Eddington-Finkelstein coordinates.
Now note that

v − u
4m

=
r

2m
+ log

( r

2m
− 1

)
, (16)

so that
1− 2m

r
=

2m
r

( r

2m
− 1

)
=

2m
r

e−r/2me (v − u)/4m . (17)

Thus the metric is

ds2 =
2m
r

e−r/2m
(
ev/4mdv

) (
−e−u/4mdu

)
+ r(u, v)2dΩ2 . (18)

Therefore it is natural to introduce

V = ev/4m , U = −e−u/4m , (19)

and T and X via V = T +X,U = T −X, so that

ds2 = −32m3

r
e−r/2mdUdV + r(u, v)2dΩ2

=
32m3

r
e−r/2m[−dT 2 + dX2] + r(T,X)2dΩ2 . (20)

Moreover, equation (17) implies that( r

2m
− 1

)
er/2m = e(v − u)/4m = −UV = X2 − T 2 , (21)

so that r = 2m⇔ X = ±T and r = 0⇔ X2 − T 2 = −1.
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3. Painlevé-Gullstrand Coordinates for the Schwarzschild Space-Time

(a) We make a coordinate transformation on the standard Schwarzschild metric
with coordinates (t, r) defining a new coordinate T (t, r) = t + ψ(r). This
leads us to rewrite the metric with dT = dt+ ψ′dr and we find :

ds2 = −f(r)dT 2 + 2f(r)ψ′dTdr + f(r)−1(1− f(r)2ψ′2)dr2 + r2dΩ2 (22)

Choosing C(r) = f(r)ψ′ gives the desired result and the function C(r) is
completely arbitrary because ψ(r) is arbitrary.

(b) In the Painlevé-Gullstrand coordinate we make a particular choice for C(r)
namely C(r) =

√
1− f(r) such that grr = f(r)−1(1 − C(r)2) = 1. We are

thus left with the metric :

ds2 = −f(r)dT 2 + 2

√
2m
r
dTdr + dr2 + r2dΩ2 (23)

Now, with this new choice of coordinate we sees that any component gµν

of the metric stays finite for any value of r > 0 (it was not the case at the
beginning in the (t, r)-coordinate). In addition to that we also notice that
the determinant of the metric is :

det(gµν) = (−f(r)− 2m
r

)r4 sin(θ)2 = −r4 sin(θ)2 (24)

which is non-vanishing for any r > 0 (with θ 6= ±0, π of course).

(c) If we now make the choice C(r) = 1, then the metric becomes :

ds2 = −f(r)dT 2 + 2dTdr + r2dΩ2 (25)

and if we rename T (t, r)→ v(t, r), then :

ds2 = −f(r)dv2 + 2dvdr + r2dΩ2 (26)

which is exactly the metric in the Eddington-Finkelstein coordinates. We can
check explicitly that the transformation is indeed the same. The particular
choice C(r) = 1 implies that ψ(r) is such that ψ′ = 1

f(r) . Thus ψ = r∗ + c

where the constant can be set to zero so that we have T (t, r) = t + ψ =
t+ r∗ = v(t, r).
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