GR ASSIGNMENTS 08
TENSOR ANALYSIS IV: THE RIEMANN CURVATURE TENSOR

1. ExprLiCcIT EXPRESSION FOR THE RIEMANN CURVATURE TENSOR

One of the characteristic properties of the covariant derivative V, is that second
covariant derivatives acting on scalars commute, [V,,V,]¢ = 0 (as we have seen,
this follows from the symmetry of the Christoffel symbols). This, however, is no
longer true when covariant derivatives act on tensors of higher rank. In general,
second covariant derivatives acting on vectors do not commute. However, the
commutator [V, V,]V?* turns out to depend only linearly on V and not on its
derivatives, i.e. one has

[V, VIV =R,V (1)
for some collection of objects R)(‘,W. Since everything on the left and V' on the
right hand side of this equation are tensors, also the R);.W are the components of
a tensor, namely the famous Riemann(-Christoffel) Curvature Tensor. By explicit
calculation show that the Riemann tensor is given by
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Rauu = 8ur ov 8VF ou +T uprpua - Vprpua : (2)

2. PROPERTIES OF THE RIEMANN CURVATURE TENSOR

In the course, we defined the contractions of the Riemann curvature tensor, the
Ricci tensor R,3 = le and the Ricci scalar R = gaﬁ R.p3. The Riemann curva-

ture tensor has the symmetries

(I) Raﬁ'yé = _Raﬁé'y (II) Raﬁ’ﬂ; = _RBOC’Y‘s
(II1) Ra[ﬁ’ycﬂ =0 & Rogys + Raysp + Raspy =0 (3)

[see section 7.3 of the lecture notes for proofs and make sure that you understand
the details!]

(a) Show that the above symmetries imply the property
([V) Raﬁ’y5 = Rﬁ/éaﬁ . (4)

(b) Show that symmetry (IV) implies that the Ricci tensor is symmetric.



()

Like any linear operator, the covariant derivative V, satisfies the Jacobi
identity
[Va, [V, V4] + cyclic permutations =0 . (5)

[If you like, you can check this explicitly by writing out all the commutators.|
Show that this, together with the definition (1), implies the Bianchi identity

VaR,py + cyclic permutations in (o, 8,7) =0 (6)

By contracting the Bianchi identity over the indices (u, ) (multiplication
by ¢*%) and (v, ) (multiplication by ¢“®), deduce the identity (contracted
Bianchi identity)

Va(2R%, - 69R) =0 (7)

and show that this is equivalent to the statement that the Finstein tensor

Gap = Ropg — % Jap R has vanishing covariant divergence, V*Gog = 0.

Remark: In all these equations indices are lowered and raised with the metric

and its inverse: Rqogys = ga,\R%w, V& =g*V,, R% = gaﬁRm ete.

3. THE GEODESIC DEVIATION EQUATION (SECTION 8.3)

(a)

Consider two geodesics z#(7) and z# (1) + dxH(T),

D 2
L — d o d, vd, \__
Do = e + 1V \(x) 2" 2t =0,

%(m“—l—&n”)+F’fj>\($+5:ﬂ)di(x”+5:£”)d%(:n>‘—|—5:E>‘) =0. (8

T

with dx#(7) an infinitesimal deviation vector. Show that this implies the

evolution equation

2
Lot + 2T | (z)sa¥ Loat + 0,1 | (x)0x” La” Lot =0 (9)

for the deviation vector dx* ().
Show that (9) can be written in manifestly covariant form as
D? v
méw“ = R’f/)\px”a: oxf . (10)

Hint: It is easier to start from (10) and to deduce (9). Also: you will of

course have to use the fact that x#(7) itself satisfies the geodesic equation.



