
Solutions to Assignments 09 15.12.09

1. Properties of the Riemann Curvature Tensor

(a) We show that the forth symmetry follows from (I),(II) and (III):

Rαβγδ = −(Rαδβγ + Rαγδβ) = Rγαδβ + Rδαβγ

= −(Rγδβα + Rγβαδ)− (Rδβγα + Rδγαβ)

= 2Rγδαβ + Rβγαδ + Rβδγα

= 2Rγδαβ −Rβαδγ = 2Rγδαβ −Rαβγδ

⇒ Rαβγδ = Rγδαβ (1)

(b) From (a) we directly deduce the symmetry of the Ricci tensor :

Rµν = Rρ
µρν = R ρ

ρν µ = Rρ
νρµ = Rνµ (2)

(c) Writing ª for the cyclic permutations in (α, β, γ) and then using the third
symmetry : Rρ

αβγ+ ª = 0, we have :

[∇α, [∇β,∇γ ]]V λ+ ª = ∇α(Rλ
ρβγV ρ)−Rλ

ρβγ∇αV ρ + Rρ
αβγ∇ρV

λ+ ª
= ∇α(Rλ

ρβγ)V ρ + Rρ
αβγ∇ρV

λ+ ª
= ∇α(Rλ

ρβγ)V ρ+ ª
= gλµ [∇αRµνβγ+ ª] V ν = 0 (3)

which gives the desired result.
(d) Contracting the Bianchi identity over the indices (µ, β) and (ν, α) one �nds :

gναgµβ [∇αRµνβγ+ ª] = gναgµβ [∇αRµνβγ +∇βRµνγα +∇γRµναβ]

= ∇αRαβ
βγ +∇βRαβ

γα +∇γRαβ
αβ

= −∇αRα
γ −∇βRβ

γ +∇γR

= −∇α

[
2Rα

γ − δα
γR

]
= 0 (4)

And de�ning the Einstein tensor as Gαβ = Rαβ − 1
2gαβR, we see that the

contracted Bianchi identity (4) is equivalent to ∇αGαβ = 0 because :

∇αGαβ = ∇α(Rαβ − 1
2gαβR) =

1
2
∇α(2Rα

β − gα
βR) (5)

so that ∇αGαβ = 0 ⇔ ∇α

[
2Rα

γ − δα
γR

]
= 0 where we have use the fact

that gα
β = gαλgλβ = δα

β simply because gαλ is the inverse of gαλ.
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