SOLUTIONS TO ASSIGNMENTS 09 15.12.09

1. PROPERTIES OF THE RIEMANN CURVATURE TENSOR

(a)

(b)

(©)

We show that the forth symmetry follows from (I),(IT) and (III):

Ropys = —(Raspy + Raysp) = Ryasp + Rsapy
= —(Rys8a + Rygas) — (Rspya + Rsyap)
= 2R 508 + Rgyas + Rasya
= 2Rysap — Rpasy = 2Rqs0p — Rapys
= Rapys = Bysap (1)

From (a) we directly deduce the symmetry of the Ricci tensor :
RHV = Rpupu = Rpl/pu = Rpl/p,u = RV,M (2)

Writing O for the cyclic permutations in (a, 3,7) and then using the third
symmetry : Rpam—i- O =0, we have :

Vo, [V, VAIVAH O = V(R V) = R\5 Vo VP + R, V, VA4 O
= Va(R\g VP + Ry V, VA4 O
= Vo R 5, )V + O
= g™ [VaRup,+ Ol VY =0 (3)

which gives the desired result.

Contracting the Bianchi identity over the indices (p, 3) and (v, «) one finds :
99" [VaRuwp+ O =g""9"’ [VaRuwpy + VsRua + VyRyuwag)
_ apf o af
= VaRY, + V3R, +V,RY
= —VaR%, — V3R’ +V,R
=—Vq[2RY, —6%R] =0 (4)

And defining the Einstein tensor as Gog = Rag — %gagR, we see that the
contracted Bianchi identity (4) is equivalent to V*G,g = 0 because :

(0% (073 1 (07 (07
VeGop = V*(Rap — 390pR) = §Va(2R 35— 9%3R) (5)

so that VG, =0 & V, [QRO‘7 - 50,‘yR} = 0 where we have use the fact
that gaﬂ = go"\gw = 6°‘ﬂ simply because g®* is the inverse of go».



