SOLUTIONS TO ASSIGNMENTS 08 08.12.09

1. ON THE KLEIN-GORDON FIELD IN A CURVED SPACE-TIME

In a curved space-time the action for a free massive scalar field is :

5= / /gL = —% / doy/=g( g 0,60,6 + m?¢?) (1)

We can find the energy-momentum tensor by computing the variation of the action

with respect to the metric :
55 = / d%8(v—g)L + v/ —g5L (2)
Using 6/—g = —%\/—ggu,ﬁg‘“’ one finds :

1
08 = _5 /d4x\/—7g(gWL =+ a#d)&,gb)dglw (3)

and the energy-momentum tensor is given by :

2 48
V=g 09"
To show that the energy-momentum tensor is covariantly conserved we will use
Ou¢ = V0, the commutativity V,V,¢ = V,V,¢ of the covariant derivative on
scalar, and the fact that ¢ is a solution to the Klein-Gordon equation V¥V ¢ =

m2¢, then the result follows:

T/ux = = g,uz/L + 8u¢au¢ (4)

VT, = V"0,00,¢ + V¥ gL
= VH0,00,0 — 5 Vu(0360° + me?)
= 0OV 00 + PV 0yd — NPV, 0N — mP GV 0
= 0,0 m*¢+ 0upVIV,6 — NPV Vi — m?¢V ¢
=0 (5)
2. ON THE MAXWELL EQUATIONS IN CURVED SPACE-TIME

(a) We start from the action :

S= %/\/gd%% gMAngF,ul/F/\p = i/\/f]d% FW,F“V (6)

and compute the variation with respect to the gauge field :
55 — / Jgd e (9,54, )F"

— / de 8,(\JGEA, FM) — / d'e 8,(VGF" )5 A, (7)
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where in the first line we have used the fact that there are 4 identical con-
tributions to the variation. Then we note that the first term in the second
line is a boundary term and vanishes because the variation vanishes on the
boundary. Now using /gV , F* = 0,(,/gF*"") we're left with :

55 = — / Jade (V,Fr)5 A4, (8)

witch gives the equations of motion.
(b) We compute :
VI = Vu(FAF" — 19" Fy,F)
= (VW Fh)F + FAV, " — LF\ VY FY
= —DF 4 By (VEF - 39V
= DFM 4 3E, (VHF™ = VrPY - R (9)

Then we rewrite the term %FMV“F YA in a different way by relabeling the

indices and using the anti-symmetry of F),, :
SEDVIF? = $F\ VAP = —LF VA F"* (10)
so that we can now use V[ F),,; = 0 to have at the end :
VI = P JE (VA 4 VI 4 VYY)
= J,FV (11)
3. TENSOR ANALYSIS V : PARALLEL TRANSPORT

(a) By computing :

Dz
Dt

="'V, it = 3" 0,3t + 2V 3P = it + VT iP (12)
we see that the tangent vector &* is parallel transported along the curve
a#(7) precisely when the curve is a geodesic :

Dzt
Dr

=0 & B T P =0 (13)

(b) The length square of V# is L? = 9 VHVY, and if V# is parallel transported

. "
along the curve this means % = 0, so we have :

DI? D D DVH
—_ = YV = VHRYY o2, = = 14
Dr ~ Do VTV = VIV gt 2V =0 (14)

because V,g,, = 0, and if L? is constant along the curve so is L.



(c) If V¥ is a parallel transported vector :

DV#H
Dr 0

And because g, #*V" is a scalar, we also have :

d. . . D Dt . DV
%(Quuﬂfuv )= D—T(g,wx“V )=V =0

" Dr D

if #(7) is a geodesic, see (14).



