
Solutions to Assignments 05 17.11.09

1. Orbit equation for general static spherically symmetric metrics

First we extract the constants of motion from the Lagrangian :

L =
1
2
gµν ẋ

µẋν =
ε

2
= −1

2
A(r)ṫ2 +

1
2
B(r)ṙ2 +

1
2
r2θ̇2 +

1
2
r2 sin(θ)2φ̇2

⇒ −∂L
∂ṫ

= E = A(r)ṫ (1)

⇒ ∂L
∂φ̇

= L = r2 sin(θ)2φ̇ (2)

and we fix θ = θ0 =
π

2
⇒ L = − E2

2A(r)
+

B(r)
2

ṙ2 +
L2

2r2
=

ε

2
(3)

We have r = r(τ) but we want to express r as a function of φ, as we do so this
implies that ṙ = r′φ̇ = Lr′

r2 and we get with r = r(φ) and r′ = dr
dφ :

− E2

L2A(r)
+ B(r)

r′2

r4
+

1
r2

=
ε

L2
(4)

Finally, we change variable from r to u = 1/r (⇒ r′ = − u′

u2 ) and (4) becomes :

B̃(u)u′2 + u2 =
ε

L2
+

E2

L2Ã(u)
(5)

where B̃(u) = B(r(u)) = B( 1
u) and the same for Ã(u).

2. Radial fall & the repulsive Reissner-Nordstrøm core

We use equation (3) with ε = −1, A = B−1 = 1− 2m
r + q2

r2 and L = 0 which after
multiplying both sides by A gives :

−E2

2
+ AB

ṙ2

2
= −A

2
(6)

ṙ2

2
=

E2

2
− A

2
(7)

ṙ2

2
− m

r
+

q2

2r2
=

E2

2
− 1

2
(8)

ṙ2

2
+ Veff (r) = E (9)

We observe that for q 6= 0 the dominant term in the effective potential for a small
radius is now positive and we have Veff (r → 0)→∞ such that infalling particles
cannot reach r = 0 (as they would need an infinite amount of energy).
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3. Tensor Analysis IV: The Riemann Curvature Tensor

(a) On a scalar we have ∇µφ = ∂µφ, therefore :

[∇µ,∇ν ]φ = (∇µ∇ν −∇ν∇µ) φ (10)

= (∇µ∂ν −∇ν∂µ) φ (11)

= (∂µ∂ν − ∂ν∂µ) φ−
(
Γρ

µν − Γρ
νµ

)
∂ρφ (12)

= 0 (13)

(b) We just have to compute :

[∇µ,∇ν ]V λ = ∇µ

[
∂νV

λ + Γλ
νρV

ρ
]
− ( µ↔ ν )

= ∂µ∂νV
λ + ∂µΓλ

νρV
ρ + Γλ

µρ∂νV
ρ − Γρ

µν∂ρV
λ + Γλ

µσΓσ
νρV

ρ − Γσ
µνΓ

λ
σρV

ρ − ( µ↔ ν )

= ∂µΓλ
νρV

ρ + Γλ
µρ∂νV

ρ + Γλ
µσΓσ

νρV
ρ − ( µ↔ ν )

= (∂µΓλ
νρ)V

ρ + Γλ
νρ∂µV ρ + Γλ

µρ∂νV
ρ + Γλ

µσΓσ
νρV

ρ − ( µ↔ ν )

= (∂µΓλ
νρ)V

ρ + Γλ
µσΓσ

νρV
ρ − ( µ↔ ν )

=
[
∂µΓλ

νρ − ∂νΓλ
µρ + Γλ

µσΓσ
νρ − Γλ

νσΓσ
µρ

]
V ρ = Rλ

ρµνV
ρ (14)

where in the third equality we dropped all the (µ, ν)-symmetric terms killed
by the subtraction with the indices exchanged.
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