
Solutions to Assignments 04 10.11.09

1. Stationary observers and lightrays in the Schwarzschild geometry

(a) The observer is sitting at fixed radius and angles, therefore his worldline
4-velocity is of the form :

dxµ
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= uµ =


ut

0
0
0

 , with: uµuµ = −1, and ut > 0⇒ ut =
1√

1− 2m
r

(1)

The acceleration is then :
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ttu
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and finally the norm of the acceleration is :

gµνa
µaν = grra

rar

=
1

1− 2m
r

m2

r4
(3)

(b) For lightrays we have ds2 = 0, and because they are radial we get :(
1− 2m

r

)
dt2 +

1
1− 2m

r

dr2 = 0 ⇒ dt = ± 1
1− 2m

r

dr (4)

which can be integrated to give the solution (c± are constants of integration)

t±(r) = ±(r + 2m log(r − 2m)) + c± (5)
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2. Tensor Analysis III: The Covariant Divergence

(a) First we compute Γµ
µλ with the definition :

Γµ
µλ =

1
2
gµρ(∂µgρλ + ∂λgµρ − ∂ρgµλ)

=
1
2
(∂ρgρλ + gµρ∂λgµρ − ∂µgµλ)

=
1
2
gµρ∂λgµρ (6)

Then, we use the relation g−1∂λg = gµν∂λgµν to find that :

Γµ
µλ =

1
2
gµρ∂λgµρ

=
1
2
g−1∂λg

= g−1/2∂λg+1/2 (7)

where in the last equality we used the fact that : ∂λg+1/2 = 1
2g−1/2∂λg.

(b) We can now compute the covariant divergence :

∇µJµ = ∂µJµ + Γµ
µρJ

ρ

= ∂µJµ + Jρg−1/2∂ρg
+1/2

= g−1/2∂µ(g1/2Jµ) (8)

and

∇µFµν = ∂µFµν + Γµ
µρF

ρν + Γν
µρF

µρ

= ∂µFµν + Γµ
µρF

ρν

= ∂µFµν + F ρνg−1/2∂ρg
+1/2

= g−1/2∂µ(g1/2Fµν) (9)

where the last term in the first equation vanishes because an antisymmetric
tensor (Fµρ) is contracted with a symmetric object (Γν

µρ). More precisely,
if we rewrite Γν

µρ = 1
2(Γν

µρ + Γν
ρµ) and Fµρ = 1

2(Fµρ − F ρµ), then Γν
µρF

µρ

contains 4 terms and relabelling two of them by the exchange of the indices
µ↔ ρ we see that everything vanishes.
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