SOLUTIONS TO ASSIGNMENTS 03 03.11.09

TENSOR ANALYSIS II: THE COVARIANT DERIVATIVE

1. Consider the scalar A, V" and take its covariant derivative :

Vi (AVY) = 0., (AVY)=A0,VV +V A, (1)
= AV +VV,A, (2)
This implies :
VYV, A, = VYO,A, + A9V — AN,V (3)
= VY0,A, + A 0,V" — Ay (0,V" +T,VF) (4)
= VY0,A, - AT VP =V"9,A, — AT, V" (5)
= V,A, =0,A,—T), A, (6)

2. Using the same notation as in the assignments 02, we see that 9,4, isn’t a tensor

because it transforms like :

Ay — OpAy = Jﬁ,au(J,l,’,A,,) (7)
= ‘]5’ O A, + Al,Jl’j,@u bt (8)
= Jﬁ, Sy O0uAy + Avd 9)
#* ‘]5’ O AL (10)
where I have defined :
T = JhO, T = SZZ aiu g;:, ~ a;jg;w (11)

Now take the combination F),, = 0,4, — 0,A,, we see that F,, transforms like a
tensor (and this is due to the fact that J},

W — v whereas F,s is anti-symmetric) :

18 symmetric under the permutation

Fly = 0wAy =0y Ay = J5J00u Ay + Avd)y — )00y Ay — Aud) (12)
= JNINOuA, — 0, AL + AT — TY)  (13)
= JJyFu (14)

The identity F,, = V,A, — V, A, follows directly from the symmetry of the
Christofell symbols for the two bottom indices Ff‘w = Fi‘u so that they cancel out

in the F),, term :

Vudy, =V, Ay = 0,A, —T), A\ — 0,A, + T, Ay = 0,A, — 0,A, = F,,  (15)

3. See lecture notes equation (4.30).



