SOLUTIONS TO ASSIGNMENTS 02 27.10.09

1. GEODESICS

(a)

Take the Lagrangian to be :

. 1 dxtdz” 1 v
ﬁ(.’I]u,fI,'M) = 59“1,?? = §gw,x”m (1)

where g,,, = g,(2”) and then compute :

oL 1.,.,
Dh = §$p$ 8ugpu (2)
oL ., 0 ., e .
Dk = Qpl/xpwﬁ = gpul’péu = gpuxp (3)
d (0L . oy . 1, ..., .
e <W> = Gpui’ + 220, 9pu = gpud’ + 3 (P2 0y gpu + 27T 0p Gy )(4)

The Euler-Lagrange equations becomes :
. 1 v
[E.—L.} = Gupl’ + 3 (Ovgpu + OpGup — Ougpw) &7 (5)
= Gupi? + T ppd’d” =0 (6)

and they can be written in the usual (geodesic equations) form by multiplying

by g™ to move the index p up :
g (Gup? + LpptP ") = it + Fﬁpipiy =0 (7)

First we compute :

d . 1d ., 1 e "y
%E: iagwm“ac =3 (2gw,x“$ + (2°0p g )" ) (8)

Now using the identity :
OpGuv = Tpvp + Lopp (9)

together with the fact that z#(7) is a solution to the geodesic equation, which

means that we also have :

S R (10)
leaves us with :
d 1
L = 5 (20T + 8 (T + L)) (11)
1
= 3 (—QI‘,,)\,,JU)‘:)EPJU” + (Cpwp + pr)ab”ob”ab”) =0 (12)

witch is obviously zero if we relabel the indices.



(¢) The metric on the 2-sphere is :
ds? = R? (d6” + sin® (9)do?) (13)

so that in the (6, ¢) coordinates we have :

Juwr = ia ( (1) sin(()H)2 ) g =R ( (1) sin((;)_2 ) (14)

Because g, is diagonal and g,, = g, (), the only non-vanishing contribu-
tion to the Christoffel’s will come from Jggge. Keeping this in mind, we can
find out all the Christoffel symbols that have this term. We first compute
terms with 6 on the top :

1 1
I, = 5999 (Oxgov + Ovgor — Oogun) = —5999399m (15)

and we see that the only non-vanishing term with 6 on the top is F§>¢> :

1
2

Now if we choose ¢ to be on the top :

Fz@ = —~9" 0994y = — sin(0) cos(9) (16)

1 1
o, = 9% (Ongo + Dugon = Dogun) = 59° (Ongow + Dugsn) (17)

The only non-vanishing terms with ¢ on the top are Fge = ng) :

cos(6)
sin ()

1
I = 59”900 = (18)

We use the computed Christoffel’s to write down the geodesic equation & +
['y,2" 1" in the (6, ¢) coordinate. We find :

0+ Fgwgz'ﬁgﬁb =0 —sin(f) cos(@)pp =0 p=20

(19)
cos(0) »: B
sin () b9 =0 n=9

$+2T5,00 = +2
Using the Euler-Lagrange equations with £ = %(92 + sin(9)2<;'52)7 we get :
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dr 96 00 2

%29 — 25in(0) cos(9)q£2) =0

doL oL 1d 9N o ) o

7 os 90" 2dr (25in(6)%@) = sin(0)26 + 2 cos(0) sin(0)06 = 0
(20)

which are the same equations as in (19).

We can easily see that the great circles (A(7), (7)) = (7,¢9) on S? are

solutions to the equations just found. It is indeed the case because for that



particular solution ¢ is constant along a great circle, witch implies qb = qS =0
and simultaneously 6(7) = 7 so that § vanishes. By looking at equation (19)
or (20) we can see that every curb with 6 = ¢ = ¢ = 0 trivially satisfy both

equations and therefore curbs like that are geodesics.

2. TENSOR ANALYSIS I: TENSOR ALGEBRA

(a)

Under a coordinate transformation z# — y* (z*) a function transforms such
that his value at a fixed point remains the same : f(z#) — f'(y*') = f(z*).

For the partial derivative of a function we have

0 0 / oxt 0 0
R TONTANEN TPy = 22 2 f(ph) = JH — f(zP

which shows that d, f is a covector. To simplify notation we define

’ 8]/“/

wo_ wo_

J, = ; and J}, Dk (22)
which are the component of the Jacobian of the coordinate transformation

and it’s inverse.
By definition (A,, and B* being tensors) we have :
A B” = Ay B = (I 90 A ) (T BP) = J45) A B = Jt (A, BY)
(23)
so that A, B transforms like a co-vector. The same goes for A,, B*B" :
A B B” — (T4 A ) (J4'B?) (J§ BY) = 6405 A, B° B> = A, B*B”
(24)
witch transforms like a scalar.

The invariance of V(z) under coordinate transformations follows from the
fact that partial derivatives are covectors and that they are contracted with

a vector to form the field V(x). By the chain rule, we see (again) that :

—i—%) 90 ox* 0
- Oz W oy Oy Ox

and with this we have :

B, / = J40, (25)

V(x) — Viz) = V¥ (z) 8,y = (JE'VI)(JLD,) = 85VH0, = V(z)  (26)

To see that A(x) is invariant too, we have to show that dz* is a vector :

’ 8y”‘l
o W o
dat — dyt = B dx (27)
and thus :
A(z) = Ayfz)da” — Aydy” = (J4A,) (T dat') = A(z) (28)

is also invariant under coordinate transformations.



