GR ASSIGNMENTS 01

1. METRICS, LINE ELEMENTS AND COORDINATE TRANSFORMATIONS

Under a cooordinate transformation from Cartesian (or inertial) coordinates £ =
£*(z#), the Euclidean metric 4, or the Minkowski metric 7, transforms to a new

metric g, in such a way that proper distances are invariant,
(Gab OF 11ab)dE*dE” = gppdada’ & g =TT 0w or ) o (1)
with Ji = 0§¢/0z# the Jacobi matrix of the transformation.

(a) 2-DIMENSIONAL METRICS

Consider the 2-dimensional line element
ds® = (dy")* + (dy®)* + 2ady"dy” | (2)

with @ € R a real constant parameter.

e Show that this metric is non-degenerate for a # +£1.

e Show that for a® < 1 the metric is related to the standard Euclidean
metric ds? = (dz')? 4 (dx?)? by the coordinate transformation

l=v1-a2y! |, 22=ayl+4% . (3)

e Show that for a? > 1 the metric is related to the standard Lorentzian
metric ds? = —(dt)? + (dx)? by a coordinate transformation.
(b) RINDLER METRIC

Consider the (1+41)-dimensional Minkowski metric with line element ds? =
—dt? + dz?, and the Rindler coordinates (T, X), defined by

t=XsinhT |, z=XcoshT . (4)

e Determine the metric or line element in these coordinates.

e Show that the lines of constant T or constant X are straight lines through

the origin or hyperbolae (in a (¢, x)-diagram) respectively.



2. GEODESICS I

(a)

GEODESICS AND EULER-LAGRANGE EQUATIONS:

Show that the Euler-Lagrange equations
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for the Lagrangian
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L= i-gl“’ﬁ d\ 2-9#”:17/#:17/1/ (6)
are the geodesic equations
d%azt dz¥ da?
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where the Christoffel symbols I“f,)\ associated to a metric g, are defined by
Flf/)\ = gupFPV)\ = %g“p(gpllv)\ +gp)\w _gu)np) (8)

L IS A CONSTANT OF MOTION:

Show that L is constant along any geodesic, i.e. that
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for z#(\) a solution of the geodesic equation.

[As an aside: what is the symmetry that, by Noether’s theorem, gives rise to

this constant of motion?]



