
GR Assignments 02

1. Geodesics

(a) Geodesics and Euler-Lagrange Equations: Show that the Euler-Lagrange
equations
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are the geodesic equations
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where, as usual,

Γµ
νλ = gµρΓρνλ

Γµνλ = 1
2(gµν ,λ +gµλ,ν −gνλ,µ ) . (4)

(b) L is a constant of motion: Show that L is constant along any geodesic,
i.e. that
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for xµ(τ) a solution of the geodesic equation.

(c) Geodesics on the Two-Sphere S2: The metric of a 2-sphere with radius
R is

ds2 = R2(dθ2 + sin2 θdφ2) . (6)

Use (4) to calculate all its Christoffel symbols, show that the geodesic equa-
tions agree with the Euler-Lagrange equations of the Lagrangian

L = 1
2(θ̇2 + sin2 θφ̇2) , (7)

and show that the great circles (longitudes) (θ(τ), φ(τ)) = (τ, φ0) satisfy the
geodesic equation.
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2. Tensor Analysis I: Tensor Algebra

This will be the first in an important series of exercises related to tensor
analysis. Please consult the lecture notes for more detailed information!

Tensors are objects that transform in a particularly simple (multi-linear) way
under coordinate transformations xµ → yα′

. The simplest examples are scalars
(functions) f(x) that don’t transform at all, f ′(y) = f(x), vectors V µ(x) that
transform as

V ′α′
(y(x)) =

∂yα′

∂xµ
V µ(x) , (8)

and covectors Aµ(x) that transform inversely to a vector, i.e. as

A′
α′(y(x)) =

∂xµ

∂yα′ Uµ(x) . (9)

A (p, q)-tensor is an object T
µ1...µp
ν1...νq with p upper (contravariant) indices and q lower

(covariant) indices that transforms like a product of p vectors and q covectors.
Thus, in particular, the metric gµν is a (0, 2)-tensor (or covariant 2-tensor). Tensor
algebra works just as for Lorentz-tensors in special relativity, i.e. one can add and
multiply tensors in the usual way.

(a) Show that the partial derivative ∂µf(x) = ∂f(x)/∂xµ of a scalar f(x) trans-
forms like (and hence is) a covector.

(b) Let Aµν be a (0, 2)-tensor and Bµ a (1, 0)-tensor (a vector). Show that AµνB
ν

is a co-vector (i.e. transforms like a co-vector) and that AµνB
µBν is a scalar.

Remark: In particular, given a metric gµν , the scalar product gµνV
µW ν of

two vectors V and W is indeed a scalar in the tensorial sense.

(c) Let V µ(x) be a vector field and denote by ∂µ = ∂/∂xµ the partial derivatives.
Show that the first-order linear differential operator

V (x) = V µ(x) ∂µ (10)

is invariant under coordinate transformations. Analagously, let Aµ(x) be a
covector. Show that

A(x) = Aµ(x)dxµ (11)

is invariant under coordinate transformations.

Remark: It is extremely useful to think of vector fields in this way. The
basic coordinate-independent object is V . V can be expanded in a basis
∂µ, and its components with respect to this basis are the V µ. If you change
coordinates, the basis changes, and therefore also the components of V change
when expanded with respect to this new basis.
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